Midterm 2

MA353 - Spring 2015
anc! alf baces appeaning art orclered baces,

All vector spaces appearing in this exam are ﬁnite—dimensignall You will have 10 points for each cori‘ect
answer of part I and 8 points for each correct answer of part II. Total: 230 points. -

I. Choose the unique correct answer.

1. Let’s consider T : R? — R? (the counterclockwise rotation of angle Z) and the folloWing assertions
(o = canonical basis): '

v ip=( 5 o)

2) The characteristic polynomial of [I], splits over R.

8) There exists a diagonal matrix 1QL(Iof order 2) having the same characteristic polynomial as
(e :

Then ™

(a) All assertions are true.
(b) Only 1) and 2) are true.
(c) Only 1) is true.
(d) Only 1) and 3) are true. ) _
2. Let’s consider the linear operator T' : R? — R?, T(a,b) = (3a — b,a + 3b), a = {(2,4),(3,1)},
B ={(1,1),(1,—1)}, and the following assertions: : '

4 1
D ma=( 4 5 )
2) T(a,b) # A(a,b) for all X\ € R and all nonzero (a,b).

3) The characteristic polynomial of [T]g splits over R.
Then ' '
(a) All assertions are true.
(b) Only 1) and 2) are true.
(c) Only 1) and 3) are true.
(d) Only 1) is true.
3. Let’s consider a linear dperator T :V — V and the set of all possible matrices [T, where « is a
basis for V. Let’s consider the assertions: '
1) Al matrices [T, are similar.
2) All matrices [T, have the same characteristic polynomial.
3) All matrices [T], have the same. eigenvalues.
~ 4) All matrices [T], have the same eigenvectors.
5) If one of the matrices [T, is' diagonalizable, thenthey are all diagonalizable.
Then
(a) All assertions are true.
(b) Only the first four assertions are true.
(c) Only the assertion four is S unTrue .
(d) Only the assertions 1, 2 and 5 are true.

4. Using the fact that there exist a diagonal matrix D and an invertible matrix @ st. A = QDQ™1,
1 4
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5. The dimension of the solution set of the homogeneous system

2z + 29 —23=0
v 21 —To+z3=0
T3+ 229 — 223 =0

is:
(a) 0
(b) 1
(c) 2
(@3 -
6. How many of the properties 1), 2), 3) and 4) are used in the proof of the theorem stating that the
linear system Az = b is consistent iff rank(4) = rank(A4 | b)?
1) IT:V — W is a linear transformation, then I m(T) = span{T(7y),...,T(¥,)}, where
{#1,...,U,} is a basis of V.

2) The system Az = b is consistent iff b € Im(L,4), where L4 is the left—multlphca,tlon transfor-
mation by the matrix A.

3) rank(A) = rank(A?).

4) rank(A) = dim(Column space of A). N

(a) All of them.

(b) All but 4).

(c) All but 3).
(d) All but 1).

7. How many of the definitions 1), 2) and 3) are used in the proof of the theorem statmg that rank(A)

dim(Column space A).7

1) The definition of the rank of a matrix A.

2) The definition of the rank of a linear transformation. ,

3) The definition “ of the left-multiplication transformation with a matrix A.

(2) All of them. '

(b) All but 3).

(c) All but 2). e
(d) All but 1).

II. Specify for each of the following statements if it is true or false.

8. A linear operator T': V — V is invertible iff ker(T) =
(a) True.
(b) False.

9. IfT:V — W is an isomorphism and if {T(%1),...,T(,)} is a basis for W, then {,...,0,} isa
basis for V. ' ‘
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11.
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20.

21.

(a) True. ‘ » :
(b) False. ]

Let T': V — W be a linear transformation. Then dim(V) = dim(W) iff rank(T) = dim(V).
(a) True. '
(b) False.

Let’s consider the 1dent1ty transformation 1y : V' — V, as well as a departure basis o and an
arrival basis . Then [1y]8 = I,, where n = dim(V).

(a) True.
(b) False. :

Let T:V — V be a linear operator and c, 8 bases for V. If [T]g = Q[T],Q 7, then Q = [1y]8.
(a) True.

(b) False.

Let T : V = V be a linear operator and o a basis for V. Suppose dim(V) = n. If there exists a
square matrix A s.t. [T]yA = I,,, then T is invertible.
(a) True.

(b) False.

Let V be a vector space of dimension n and o = {¥1,...,Tn}, B={W1,...,%W,} two basesin V. If
@ is the matrix that changes a-coordinates into S-coordinates, then the j-th column of Q is [;]s.
(a) True.

(b) False.

If @ is the above defined matrix, then for any 7 € V, we have [7], = Q{7];.

(a) True. |

(b) False. .

If Q is the above defined matrix, then for any linear operator T on V' we have [T, = Q[T]sQ 1.
(a) True. a
(b) False.

If the matrix A € My(R) has the distinct eigenvalues 2 and 7 and dim(E;) = 3, then A is
diagonalizable.

(a) True.
(b) False. :

Let T: V — V be a linear operator and « a basis for V. Then [T], is a diagonal matrix iff o
counsists only in eigenvectors of 7.

(a) True.
(b) False. ‘

Let A be an invertible matrix. Then A is diagonalizable iff A~ is diagonalizable.
(a) True.

(b) False.

If the coefficient matrix of a system of m linear equatmns inn unknowns has rank m, then the
system has a solution.

(a) True. . | .
(b) False. ‘
4 10
The matrix | 0 4 0 | is diagonalizable.
00 5
(a) True. ‘



22.

23.

24.

25.

26.

27.

(b) False. %
The operator T': Py(R) — P2(R), T(f) = £(0) + f(1)(z + z?) is diagonalizable.
(a) True. : '
(b) False. : _ _
The rank of a diagonalizable matrix of order n is equal to n.

(a) True.

(b) False.

For any matrix A4, dim(Column space 4) = dim(Row space 4).

(a) True. '

(b) False.

For any square matrices A and B of the same order, rank(AB) = rank(BA).

(a) True.

(b) False.

If A is diagonalizable and A = QDQ™!, with D diagonal matrix and Q invertible matrix, then

rank(A) = rank(D).

(a) True.

(b) False.

If F is an elementary matrix of order n, then there exists a square matrix B of order n s.t. I, = EB.

(a) True.

(b) False.
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