|E 230 Seat # Name  <KEY>_

Closed book and notes. 120 minutes.

Cover page, five pages of exam.
No calculator. No need to ssimplify answers.

Recall: A true/false statement istrue only if it isawaystrue.

Score
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Closed book and notes. 120 minutes.

Consider an experiment that chooses a random sample X, X,, ..., X, from a population

with cdf F, mean E(X) u, variance V(X) o2 and median x05— F P(O 5). Let X denote

the sample mean, s?= [2I L =X) ]/(n 1) denote the sample variance, and X theith
order statistic.

1. Trueor fase. (2 points each)
(& T« F Thestandard error of apoint estimator isits standard deviation.
(b)) T F« A datisticisan event computed from a population.

(0 T« F A point estimator is a statistic that is used to estimate a population
parameter.

(d T« F A sampleisseected from apopulation.
€ T« F  Xg<Xp

() T« F VX)) =EX-py)?.

(99 T Fe X=EX).

(N T F« ThesamplesizeisX; +X,+..+X,.
i) T Fe« Xy < E(X)sx(n).

() T« F Ifn=1thenX=X,.

(k) T« F Oneadvantage of a stem-and-leaf plot is that the observation values

are not lost.
() T F<« Oneadvantage of abox plot isthat the observation values are not lost.

(m) T F« Oneadvantage of a histogram is that the observation values are not
lost.

(n) T F<« Thesample medianisawayslessthan or equal to the sample average.

(0) T« F Computing the order statistics is necessary to create the empirical cdf.
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2. (From Montgomery and Runger, fourth edition, Problem 7-30) Let X denote a random
variable with probability density function f, (x)=(0+1)x" for 0<x <1 and zero
elsewhere.

(a) (4 points) What values of the parameter 6 are possible?

A pdf needs to satisfy two conditions:
A. 0< fy(x) for every real number x
and
B. [ fy(x)dx=1.
Condition A impliesthf\t 0<(6+ 1)x9, so -1 <6 isrequired.
Condition B requires| (6 + 1)xe dx =1,
which istrue for every 6 value greater than —1.
Therefore, the set of possible valuesisall 6 greater than —1. <

(b) (4 points) Sketch the pdf for 6 = 2. Label and scale both axes.

Sketch two axes. Label the horizontal axis with adummy variable, probably x.
Label the vertical axiswith f (x).

Scale the horizontal axiswith at least two numbers, probably zero and one.

Scale the vertical axiswith at least two numbers, probaby zero and (2+ 1)(1)2 =0
Sketch the function f (x) = 3x?for 0 <x < 1 and zero elsewhere.

(c) (4 points) On your sketch of Part (b), indicate the likelihood of X = 0.75.

Thelikelihood of X =0.75is f (0.75) = 3(0.75)2
Mark the point (0.75, 3(0.75)2 on the sketch.

(d) (4 points) On your sketch, indicate the value of E(X).

1
E(X) :J‘) x[(0+1)x° dx = (0+1) / (0+2).
Therefore, the mean is E(X) = 3/4. Indicate this point on the horizontal axis.

3. (2 points each) Choose one answer.

(@) py constant «—  random variable event meaningless
(b) X constant random variable «—  event meaningless
(c) E(X) constant «— random variable event meaningless
(d) X constant random variable <~  event meaningless
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4. Result: If X, X5, ..., X, |sarandom%\mplefromapopulatlonW|thcdfF and mean py
andvarlancecf,thenthesamplemeanx YL X /n,isan unblasedestlmator of py.

For each line of the proof, choose from these reasons. (3 points each)

(i) Axiom 3: If events A and B are mutually exclusive, then P(A U B) = P(A) + P(B).
(i) Independence

(iii) Algebra (no probability required)

(iv Definition of expected value

(v) Definition of sample mean

(vi) V(X) = E(X*) - pg

(vii) For arandom gample V(X) = GX /'n
(viii) Same event

(ix) Identically distributed data

(X) Expected value of alinear combination
(xi) Definition of mean squared error

(xii) Definition of sample variance

{Zin:lxi }
E @_<v)>__

n

E(X)

E[zinzl(lln)xi} (b) __ <(ii)y>___
S UNEX) (@ <> __
= SL W @ <>

= Hy (€ ___<(iii)>__

5. (2 points each) We discussed the analogy of point estimators being like target shooting.
Error in target shooting is caused by either aiming the wrong direction or by not holding
the gun steady. Error in point estimation is caused by bias and standard error.

(& T F<« Meansquared eror isthe sum of bias and standard error.

() T« F Biasisanalogoustoaiming in thewrong direction.
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6. A computer software package was used to calculate some numerical2 summaries of a
random sample of data from a population with mean p and variance ¢“. The results are

in the following table.
Variable | n | mean | stemean | stdev | variance
X |10 | 35841 | ? | 2 | 22891

(@ (5 points) (first missing value) What is the value of the estimated standard error of
the sample mean?

6o =Vs2/n =22.891/10 «

X

(b) (5 points) (second missing value) What is the value of the sample standard

deviation?
\s? = \22.891 «

(c) (5 points) What is the value of the point estimate of c2?

s%=22.801

Final Exam, Spring 2011 (May 5) Page4 of 5 Schmeiser



|E 230 — Probability & Statistics in Engineering | Name __ <KEY>__

7. Consider the exponential distribution with rate . The mean and standard deviation are
then 1/, the pdf is f (x) = Ae ™ for 0< x and zero elsewhere, and cdf F (x) = 1 — & ™
for 0<x and zero elsewhere. A sample of size n =3 is taken, with observations
Xq=3.5,X,=17.2,X5=110.

(@) (5 points) State the method-of -moments estimator of A.

The method-of-moments point esimtator is obtain by setting
the population mean equal to the sample average.

Therefore,
1/h=X

which implies
A=1/X «

(b) (2 points) T F « Because of the memoryless property of the exponential
distribution, there is no maximume-likelihood estimator of A.

(c) (5 points) Usi ng the g2iven data, compute the observed value of the sample variance,
S?= [zi“:l X“=nX"1/(n-1). (Be clear, using parentheses and numbers. No

need to simplify.)

[(35°+ (7.2 + (11.0)7] - 3[(35+7.2+11.0)/ 3] -
2

SZ
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