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ME 501
Exam #1
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Prof. Lucht
1. POINT DISTRIBUTION

Problem #1 30 points
Problem #2 35 points
Problem #3 35 points

2. EXAM INSTRUCTIONS
*  Write your name on each sheet.
* This exam is closed book and closed notes.
* Four equation sheets are attached.
*  When working the problems, list all assumptions, and begin with the basic equations.
» Ifyou do not have time to complete evaluation of integrals or of terms numerically,

remember that the significant credit on each problem will be given for setting up the

problem correctly and/or obtaining the correct analytical solution.
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1. (30 points) The system shown below has available five energy levels of 0, 1, 4, 10, and 15
units. The degeneracy of the levels is 10, 10, 3, 3, and 2 as shown. The thermodynamic
assembly has 6 particles (N = 6) and a total system energy of 45 units (E = 45).

(a) For bosons, what are the available macrostates? (There are at least 4.) How many
microstates are associated with each of these macrostates and what is the most probable

macrostate? What is the entropy of the system? For Bose-Einstein statistics, the number of
microstates for a given macrostate {N j} is given by:

(b) For fermions, what are the available macrostates? How many microstates are associated
with each of these macrostates and what is the most probable macrostate? What is the

entropy of the system? For Fermi-Dirac statistics, the number of microstates for a given

macrostate { N

j} is given by:

g,!
Wm,FD = HWj,FD = H J
j

P NG (g - Ng)!
& 9
4 15 2
3 10 3
2 4 3
1 1 10



(a) For bosons the available macrostates are:

N=6, E=45
4 15 2 3 1 0
3 10 3 0 1 3 4
2 4 3 0 1 0 1
1 1 10 0 1 0 1
0 0 10 3 1 2 0
N. + —1 ! ! !
O
i Nj'( 3L 0121 L0121 )L 0191 )L 319! 3x2
' '
W; = 3! 3! 10 10! =3x3x3x10x10=2700
2100112001121 )L 119 1191
' ' '
Wcz(ij( 5! j j( (“-j:2x5x“x1x1x““0:1100
1)L 312100121 /L0191 )\ 219!
' ' ' '
WD:( I j( 6! ( j(lo ( i jzlx6x5x3x10><1=450
oy 4212 )i 119! L 019!

W, =W, +W; +W, +W,

tot

= kg InW,

tot

B = most probable macrostate

(b) for fermions, macrostates A and D are excluded because N; > g;

| | | | |
W, H ( 2! J( 3! j( 3! j(lo.j(lo.
N, '(g . RV IRV DI
| | | | |
Wc:(ij( 3! ]( 3! ]( 10! j( 10')=2x1x1><1x10><9
111 )L 3101 )L o131 )L oo )L 218!
W, =W, +W,. =990
S = kg InW,, =6.898k, =9.526x107 J /K

B = most probable macrostate

=880+2700+1100+450=5130
=8.543k, =1.18x10 J /K

=90

.

):1x3x3x10x10=900
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2. (35 points) An electron is confined on the surface of copper by a wall of iron atoms to a
region 0 < X < L, L=10" m;the y-dimension of the box is much larger and we will ignore
that dimension. The electron is in a superposition of two quantum states. i.e., a linear
superposition of the eigenstates A and B with quantum numbers n,, =2 and n; =5,

respectively. The normalized wavefunction Y(X,t) for the particle is given by

W(x,t)=c, ¥ (X, t) + ;P (X,t) =C,sin [2_7{)() exp(— [ %tj + Cg sin (S%Xj exp(—iitj

where ¢, = l C, = i
A5 B 750

for0<X<L . Forx<O0orx>L,¥(X,t) = 0. The energies ¢, and ¢, are given by

_ h'nj, _ h’ng
EA = 2 SB = >
EmL EgmL

where again L = 10™® m for this quantum box. Determine the expectation value <g> for electron
2
. m, (v.)
energy (in J) and calculate the mean electron speed <Ve> from <€> = —5 ?
Solution:

Prove that the wavefunction is normalized (not asked for)
L, L
I:JO ¥ (x,t)‘I’(x,t)dx:j0 P(x,t)dx
* * . . . - - t
P(xt)=Y (x,t)‘P(x,t):CACAsmz(z—fXj+CACB s1n(2—7|ijsm(5—l_xjexp{—lm}
+C,C, sin 27X sin S7X ex —iM +C,C, sin’ 57X
aCs L L p 5 sUs L
I:CACAJ'0 smz(TJdXJrCACB exp[q%}k sm( 2 jsm C )dX
* -(gB_gA)t L. 27X . 57X « L. 2 57X
+C,Cq exp{—lT]{O sm[ - sin C dX+CBCBI0 sin o~ dx




[[sin®(@x) dx = _ L cos(ax) sin(ax) + X
2a 2
L 2(2nx] 1L (ij CL
J. sin“| — [dX=| =X——sin| — || =—
0 L 27 8r L )], 2

L Z(Sﬂ'Xj B L . (107Z'Xj "L
J. Sin _— dX: —X——SIn| —— = —
0 L 27 207 L )], 2

) ] sin[(a—b)x] sin[(a+b)xj
J-sm(ax)sm(bx)dx= 2(a—b) — 2(a+b)

L (27rxj . (SEXJ 1 (3nxj - (87rxj )
I sin sin dx=| —sin| — |——sin| —— =0
0 L L 6 L 14 L /],

1= cAcZ%JrcAc; (0)+C,Cqs (0)+CyCy % =(c,ch +ch;)£ - [lJriJL -1

2

Energy:
()= W (xt) e, ¥ (x.t)dx
oo ¥ (X, 1) = £,C,F 5 (X, 1) + £5C5 W (X, 1)

L * % % *
(€)= IO [CA‘PA(X,'[) +C ¥y (x,t)}[gAcA‘PA(x,t) + £5Ce W (X,1) ] dx
= 5,000 WL ()P, () A+ 5,600, [ P (X.) P, (x.t)dx

+eaCaC [ Wi (X)W (1) dx+ £Cics [ Py (x.1) W (x.t)

J-OL Yo (%)W, (x.t)dx = .[OL{sinﬁz—ij exp[+i% Msin(z—ij exp[—i%tﬂ dx
= IOLsinz (Z—ZXJ dx = {%X—isin(zl—fxﬂL =%
J.OL ¥ (xt)Wg(x.t)dx= J.OL{sin (S—ZXJ exp(+i%tﬂ
:_[Lsin2 [ifjdX:{lx—Lsin(m—ﬂxJ L :%
0

0



= exp +i—(8A _EB)t JLsin(zfstin(SEdex

I ho | L
i .(gA_gB)t_ 1 . Xj . (77[)()
= ALY A =0 4
exp_+| P sin| =,
Similarly, I Yo (%)W, (x,t)dx=0

Therefore,

()= [ [eati (xt) + Wy (1) | £Ca® o (X,1) + £505 P (x,1) ]

= £,CACy L + £4C1Cq L =g, Tk + &y 2L =lgA+igB
2 2 5L\ 2 S5L)\ 2 10 10

7\ h* > (3 h? > h* [28 75 h?
= = 2 = 5) = =4 = 2
() (mjsml}( ) +(10j8mL2( ) 8mL2[10 10} 8mL>

6.626x10°* J—s)
(€)=10.3 ( ) -

8(9.11x10"" kg )(10°* m) gm
(€)=6.205x107" J

2.2
—6.205%10™" kJ—S

2

e 2[6.205><10-21 kgsinzj

& m

= = :1.1 1 > -

(v.) m (9.11x107" kg) o7

(v.)=1.167x10° %
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3. Short Answer Section

(a) (12 points) An atom has an electron configuration of 1s*2s*2p®3p”. Write out all possible
spectroscopic terms ***'L; and list the degeneracy of each term.

(,=1,0,=1 = L=0,1,2 S,P,D terms

5121,52:% = S=0,1 25+1=1,3

J=L+S,L+S—1..|L-§|
S Terms:

’S, g=2J+1=3

's, g=2J+1=1

Pterms:

P, g=2J+1=5
‘Pog=2)+1=3
P, g=2J+1=1

'P g=2]+1=3

D terms:

D, g=2J+1=7
D, g=2J+1=5
D, g=2J+1=3

'D, g=2J+1=5



(b) (10 points) Including zero-point energy and the first-order correction terms for vibrational

anharmonicity, vibration-rotation coupling, and centrifugal stretching, calculate the energy in
cm’ of the J=41, v=2 level of the CO molecule.

w,=2169.814 cm™', o,x, =13.288 cm™,
For CO,

B, =1.9313¢cm™, &, =1.750x107% ¢cm™, D, = 6.121x10™° cm™

G(V)za)e(v+%j—a)exe (v+%)2

G(2)=(2169.814)(2.5)-(13.288)(2.5)" = 5341.49 cm™"

F.(3)=B,J(J+1)-D,J*(J +1)’ B,=B —ae(w%)
B, =1.9313-2.5(0.0175 ) =1.8876 cm™
For the J=41 level:

F,(J=41)=B,J(J+1)-D,(J) (I +1)" =(1.8876 cm™ )(41)(42) - (6.121x10"° cm™")(41)" (42)°
=3250.55-18.15=3232.30 cm’’

hiC:[Fz (J =41)+G(v=2)]=3232.30+5341.59 = 8573.89cm"!




(c) (13 points) Atomic hydrogen is in the quantum state described by the following

wavefunction:

r ’ r

o) eol )

Vo, (7.0.0)= 0162\/; = “~sin’ Gexp(+2ig) = R(r)sin’ Gexp(+2ig)
0

Recall that if a physical quantity A is a precisely defined eigenvalue of a wavefunction, then
A,¥ =ay , where a is a constant. Prove that the squared magnitude of angular momentum is

precisely defined for the given wavefunction, and determine the value of <L2> in units of #°.

2
2 =—p?| i(sinﬁij+%8—z
sinf 06 00 ) sin” @ 0¢

osin@ _ cosO ocos@ _ sing
00

Hint: cos’ 0= (1 —sin’ 0)

Solution:
1 o0(. ow 1 0w
L w=-h — % 3
4 Lin@ ae(sm 80j+sin298¢2}
2ig) & (., 0sin’0)  sin’ 0 0" exp(2ig)
- iR —eXp( —| siné 2
(r){ sng 00\ 00 ) sn’0  og
A 0 ;. . 2
:—th(r)exp(2|¢)_Sine£(51n9(2sm90059))+(2l) }
=—h2R(r)exp(2i¢)_ 2 i(sinzecose)—4}
 sin0 20
N : .
:—th(r)exp(2|¢)_Sine(Zsmﬁcosz19—sm36)—4}

—th(r)exp(Zi(/ﬁ)_ 2 (2sin9(1—sin20)—sin3¢9)—4}

| sin@

—1*R(r)exp(2ig) 4—( ,263sm3 0)—4}:6h2R(r)sin249€Xp(2i¢)
Sin
6n’y

(LC)=6n"
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Equation Sheets

= 2
Schrédinger wave equation: ih O‘P(g:,t) = _Zh_ VAP(F,t) + V(F,t) W(T.1)
m
hZ
Time-independent Schrédinger wave equation: ™ Vi (t) +V (D) w(F) = & w(F)
m

Normalization Condition: 1 = ”L‘P"(f,t)‘l’(?,t) dv three - dimensional form

Dynamical Variable Operator
r T =T
L ~ . .0
p Pop = —1hV Pyop = —|h5
r)2 = ﬁ'f’ rjgp = -1V’
€ Eqp = ihg
B(F: ﬁ) Bop = B(Fa - |hV)
V=X < + ¥ <2 + 2 L Cartesian coord
OX oy 0z
V=g < +é, 12 +é 1 spherical coord
or réd 7 rsinf oo

Vip = T A Cartesian coord

2
Viy %i(rzﬁ—wj + — 1 i[sinea—l/lj + % 0”1/2/ Spherical coord
r-or or r-sinf o6 ol rsin" 8 op

Expectation Values:  (B) = IIJVT*(F,t)[BOpT(F,t)] dv  three—dimensional form

dv = dxdydz Cartesian coord,
dV = r’sin@ dr déd¢ Spherical coord

+(::)O\I”‘(x,t)[Bop‘P(x,t)] dx  one-dimensional form

I
|

(B)
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<Bz> - J'j:‘P*(x,t){ Boo| Bop‘P(x,t)]} dx  one—dimensional form

Molecular Energy Levels

2

% = GWVv) = o, V+% — WX, V-I-% with zero-point energy included

C

% = G(v) = o,v - a)exe[v2 + V] zero-point energy subtracted, G(0) =0
C

= F(J) = BIJ+D) - DI+

hc
3
B, = Be_ae(v+lj D, = 4929 =D, for all v
2 W,
Degeneracies: O = 2J+1 Oup = |
Rigid Rotator, Harmonic Oscillator
Go_ F(3) =B I+ M- g 334D DB _G) =g vt
hc Kg hc
Characteristic Temperatures:
by = he B. O = Ea)e he _ 1.439 Kfl
Kg Kg Kg cm

Term Symbols Atomic: ~ 28*1Ly,  J=(L+S), (L+S-1), .....|L-S|
Term Symbol: S P D F G....
L: 0 1 2 3 4.

Term Symbols Molecular: 2SHIA p s

Term Symbol by IT A O r
0 1 2 3 4
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m, m
u = —2—B = reduced mass
m, +mg

Boltzmann Relation: S = k; In(W,,) = kg ln(me)

Number of Microstates in a Macrostate for large g;, N,

i j i

]
I =N, =N,
W, 5 = Y. len(gJN 'J—gjln[g' 'H
i j g;

4+ N, -+ N
InW, g = Z N, h{g'N J] + 0, h{gl 'H
J _

In(Wi, o) = Z{Njh{% ' N’} ) N+ZN"IH[%J

Integrals and Derivatives

L tooaaxdy = | [T tooax| [Pa )

(7177 £ 9(0) higy drdodg = U: f(r)dr}[.[:lz 9(0) de} U:fh(«/ﬁ) d¢}

M = acos(ax) M — —asin(ax)
dx dx
[fsin*(@0) dx = ——= cos(@x) sin(@x) + =
2a 2

Jcosz(ax) dx = Lcos(ax) sin(ax) + X
2a 2

, . _sin[(a—b)x] sin[(a+b)x]
J.sm(ax)sm(bx)dx— - 2arb

2(a—h) )

[sin® (ax) dx = —écos(ax) (sin*(ax) + 2)



jsin(ax) cos(ax) dx =
[ sin(ax) cos®(ax) dx =
[ sin* (ax) cos(ax) dx =
[ sin(ax) cos® (ax) dx =

.[x [sin2 (a x)] dx =

X2
I_

[x* [sin* (ax) | dx = %3 - (X_ - éjsin(Zax) -
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I .,
— sin” (ax
23 (ax)
I
——cos” (ax)
3a
LsinS(aX)
3a

1
—— cos*(ax
4a (@)

X sin(2ax) ~ cos(2ax)
4a ga’
2 X cos(2ax)
4a 43’

Constants and Conversion Factors

Universal gas constant

Pressure

Speed of light

Electron charge
Electron mass

Atomic mass unit

_g314— M gy
(gmol)(K)
I atm = 1.01325bars = 1.01325x10° %

R

C = 2998x10° . — 2998x10"
sec

e = 1.602x107" coul
m, = 9.11x107" kg
amu = 1.66x107" kg

sec

(gmol)(K)

3
(kmol)(K)

= 0.101325 MPa

h = 1.055x107* J—sec

h = 6.626x107* J—sec ;
2r

Planck's constant ho=

|2
g, = 8854x1072 U

Dielectric permittivity

J—-m
Avogadro constant N, = 6.023x10” gmol™ or N, = 6.023x10°° kmol™
J
K

Boltzmann constant ky = 1381x107%

1 J =1 kg-m2/sec?

Quadratic solution

- b +.b?-4ac

2a

For the equation ax> + bx+c = 0,



