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ME 501
Exam #1

23 October 2009
Prof. Lucht

1. POINT DISTRIBUTION

Choose two (2) of problems 1, 2, and 3:

Problem #1 50 points
Problem #2 50 points
Problem #3 50 points

You are required to do two of the problems. Please indicate the problems you have chosen.
2. EXAM INSTRUCTIONS
*  Write your name on each sheet.
* This exam is closed book and closed notes.
* Four equation sheets are attached.
*  When working the problems, list all assumptions, and begin with the basic equations.
» Ifyou do not have time to complete evaluation of integrals or of terms numerically,

remember that the significant credit on each problem will be given for setting up the

problem correctly and/or obtaining the correct analytical solution.
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1. (50 points) The system shown below has available energy levels of 0, 2, 4, and 8 units. The
degeneracy of each of the four levels is 4. The thermodynamic assembly has 6 particles (N =
6) and a total system energy of 12 units (E = 12).

(a) For bosons, what are the available macrostates? (There are 6.) How many microstates are
associated with each of these macrostates and what is the most probable macrostate? What
is the entropy of the system? For Bose-Einstein statistics, the number of microstates for a
given macrostate {N j} is given by:

N, + g, — D!

N;!(g; - D!

(
Woge = [[Wiee = |1
i i
Partial Answer: Q =3404

(b) For fermions, what are the available macrostates? How many microstates are associated
with each of these macrostates and what is the most probable macrostate? What is the
entropy of the system? For Fermi-Dirac statistics, the number of microstates for a given
macrostate {N j} is given by:

g,!

g i N i )!

Wm,FD = | IWJ.’FD = H N
i i I
Partial Answer: Q=360

(c) What is the entropy of an assembly of fermions that occupies the energy levels shown with
N=16 and E = 56?

] & g
3 8 4
2 4 4
1 2 4



(a)

(b)
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The time-independent wavefunction ., (r,6,¢) for the n=2, £, m, state of the hydrogen

atom is given by

rexp(-r/2a,) . _
V/zzm,(raa@ = 8\/;618/2 sin @ exp(—|¢)

rexp(—r/2a . .
RZ[mf (r) = 8\/(; ag/z 0) ®24mf (0) = Slne cDZ(/m, (¢) = exp(—l ¢)

The Bohr radius @, = (47&,7°)/(m,e’) = 0.52918x107"" m and the electron spin is

neglected. (Note: In these formulas the factor & is the dielectric permittivity, not an energy).

Show that the wavefunction given above is normalized. Recall that for spherical coordinates
dv = r’sin@drd@dg and that r can take on values from 0 to oo, 8 from 0 to 7, and ¢ from 0 to

2. The following definite integral relation will be needed

n!

“n ~-bx _
J.OXG dX—F

Using the result above, calculate the expectation value of the z-component of angular momentum,

<LZ>, where L

.. 0 .
2op = —Iha—¢, and the expectation value of the square of total angular momentum

2
<L2>, where Lf)p =—-n’ _1 i sin Hi + — 12 0 - |- What are the quantum numbers /
sinf 06 06 sin“ @ 0¢

and m,? [Hint: recall when a wavefunction v, is an eigenstate for a particular operator A,

AWy =ay, , where @ is an eigenvalue. Part (b) should require little or no integration].

Answers: <LZ> =-h, <L2> =2h’
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3. A beam of infrared laser light passes through a cell filled with HF (hydrogen fluoride). A
series of P- and R-branch absorption lines are observed when the laser frequency matches a

vibration-rotation transition in HF. The laser excites the molecules from the v" lower level to
the v/ = v" +1 upper vibrational level. For P-branch lines, J’ = J” —1, where J’ is the

rotational quantum number of the upper level and J” = J is the rotational quantum number of

the lower level.

(a) Develop a general formula for the frequency v (cm-1) of the P-branch lines from lower
level (J”,v") to upper level (J'=J"—-1,v' =v"+1).

(b) Calculate the actual frequency (in cm1) of the P (J "= 10) rotational transition in the
v" =2 — V' = 3 vibrational band, accounting for anharmonicity, centrifugal stretching,

and the dependence of the rotational constant B, on vibrational level (neglect the
dependence of D, on vibrational level). Answer: v =3156.60 cm™

For HF,
w, =4138.32 cm™, w,x, =89.880 cm™', B, =20.956 cm™', @, =0.798 cm ™', D, =2.15x10~* cm™,
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Equation Sheets

= 2
Schrédinger wave equation: i G\Pé:,t) = —2h— VAP(F,t) + V(F,t) W(T.1)
m
h2
Time-independent Schrédinger wave equation: ™ Vi (r) +V (D) () = & w(F)
m

Normalization Condition: 1 = ”L‘P"(f,t)‘l’(?,t) dv three - dimensional form

Dynamical Variable Operator
r T =T
L ~ . .0
p Pop = —1hV Pyop = —|h5
P’ = p.p Pop = —1°V?
€ Eqp = ihg
B(F, P) B, = B(f,—inV)
V=X < + ¥ <2 + 2 L Cartesian coord
OX oy 0z
V=g i+ é, 12 +é 1 spherical coord
or réd 7 rsinf oo

Vy = + 2Y > Cartesian coord

2
Vip = %i(rzﬂ—l//j + — 1 i(sin@é)—‘//j + — 1 - 51/2/ Spherical coord
r-or or r-sinf o6 a0 rsin“ 8 op

Expectation Values:  (B) = IIJVT*(F,t)[BOpT(F,t)] dv  three—dimensional form

dv = dxdydz Cartesian coord,
dV = r’sind dr déd¢ Spherical coord

+(::)O\I”‘(x,t)[Bop‘P(x,t)] dx  one-dimensional form

I
|

(B)
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<Bz> - J'j:‘P*(x,t){ Boo| Bop‘P(x,t)]} dx  one—dimensional form

Molecular Energy Levels

2

% = GWVv) = o, V+% — WX, V-I-% with zero-point energy included

C

% = G(v) = o,v - a)exe[v2 + V] zero-point energy subtracted, G(0) =0
C

T = F(J) = BIJ+D) - DI+

hc
3
B, = Be—ae(v+l] D, = 4529 =D, for all v
2 W,
Degeneracies: O = 2J+1 Oup = |
Rigid Rotator, Harmonic Oscillator
Go_ FQ)=BIWG+)  Sm—g 3O+l DB G = o vis
hc Kg hc
Characteristic Temperatures:
by = he B. O = Ea)e he _ 1.439 Kfl
Kg Kg Kg cm

Term Symbols Atomic: ~ 28*1Ly,  J=(L+S), (L+S-1), .....|L-S|
Term Symbol: S P D F G....
L: 0 1 2 3 4.

Term Symbols Molecular: 2SHIA p s

Term Symbol by IT A () r
0 1 2 3 4
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m, m
u = —2—B = reduced mass
m, +mg

Boltzmann Relation: S = k; In(W,,) = kg ln(me)

Number of Microstates in a Macrostate for large g;, N,

' j i

]
I —N, _N,
W, 5 = Y. len(gJN 'J—gjln[g' 'H
j j 9;

4+ N, +N.
InW, g = Z N, h{g'N J] + 0, h{gl 'H
J _

In(Wi, o) = Z{Njh{% ' N’} ) N+ZN"IH[%J

Integrals and Derivatives

[ tooaaxdy = | [T rooax| [Pa )

(7177 () 90) higy drdodg = U: f(r)dr}[.[:lz 9(0) de} U:fh(«/ﬁ) d¢}

M = acos(ax) M — —asin(ax)
dx dx
[fsin*(@0) dx = ——= cos(@x) sin(@x) + =
2a 2

Jcosz(ax) dx = Lcos(ax) sin(ax) + X
2a 2
J.sin3(ax) dx = —%cos(ax) (sinz(ax) + 2)

Jsin(ax) cos(ax) dx = i sin’ (ax)
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Jsin(ax) cos’(ax) dx = —é cos’ (ax)
Isinz(ax) cos(ax) dx = i sin’ (ax)

Jsin(ax) cos’(ax) dx = —ﬁ cos” (ax)

x sin(2ax) ~ cos(2ax)
4a ga’

J-x [sinz (ax)] dx = X{ -

2 i _X_3_X_2_L. _XCOS(ZaX)
'[x [sm (ax)]dx = (4a 8613jsm(Zax) e

Constants and Conversion Factors

Universal gas constant R, = 831 _Nem 8.314; = 8314;
(gmol)(K) (gmol)(ﬁ) (kmol)(K)
Pressure 1 atm = 1.01325bars = 1.01325x10° — = 0101325 MPa
m
Speed of light ¢ = 2.998x10° " = 2998101 M
Sec Sec
Electron charge e = 1.602x107" coul
Electron mass m, = 9.11x10™" kg
Atomic mass unit amu = 1.66x107" kg
Planck's constant h = 6626x107*" J—sec ; & = 2L = 1.055x107* J —sec
7
. . . ,, coul?
Dielectric permittivity g, = 8854x10 I-m
—-m
Avogadro constant N, = 6.023x10* gmol™ or N, = 6.023x10* kmol™
Boltzmann constant ke = 1.381x107% J

1 J=1 kg-m2/sec?

Quadratic solution

- b +.b*-4ac

2a

For the equation ax® + bx+c =0, x =



