ME 315 Final Exam
BASIC EQUATION SHEET

Conservation Laws

Control Volume Energy Balance: E,, - E,, + E,,, =E,; E,=mC, d%t i Egn=0V

Surface Energy Balance: E, —E_, =0

Conduction

. " oT .
Fourier’s Law: =—-k—; =—Kk—; = A
qcond X 6X qcond n an qcond qcond

Heat Diffusion Equation:
Cartesian Coordinates:i[ka—Tj+i[ka—TJ+i(kﬂj+q =pC or

ox\ox) oyl oy ) azl oz P ot
Cylindrical Coordinates:liﬁkra—-rj+i2i ka—T +£(ka—Tj+Q:pC a
ror\ or) r*og\ o¢) oz\ oz P ot

Spherical Coordinates:

10 , OT 1 of(,oT 1 0 N1 B oT
S |k — |t 5| K |+ 5| ksin0— |+d=pC, —
reor or resin“d og\ o0¢ ) r-sin@ oo 00 ot

Thermal Resistance:

r/r
Conduction Resistance: Plane wall: R, .4 =L; Cylindrical shell: R, 4 = (r,/%) :
’ KA ’ 2rlk
r)—(1lr
Spherical shell: R, .4 = M
’ 4k
Convection Resistance: R, ., = L
’ hCOI’]VA
Radiation Resistance: R, ., :L
' h_ A

rad

Thermal Energy Generation:

Plane wall with uniform energy generation, given temperature Ts at both surfaces, width =
2L, and x=0 at the center of the wall:

o1, = (1 X
SO REY S P
General solution for plane wall with uniform energy generation:

)
T(X)=—q2ik+clx+cz



Cylinder with uniform energy generation, surface temperature Ts:

2
qTO r
T(r)—T, = 1——
) 4k ( r02>

General solution for a cylindrical shell, with uniform heat generation:

T(r) :—%r2 +C,Inr+C,
Extended Surfaces/Fins:

H(X):cosh[m( X) |+ (h/mk)sinh [ m(L -

0, cosh(mL)+(h/mk)sinh(mL)
ve sinh(mL)+(h/mk)cosh(mL)

G = (NPRA) 6 ” cosh (mL)+(h/mk )sinh (mL)

h L-
Adiabatic Tip: 0(x) _ cosh[m(L-x)]
6, cosh(mL)

6, /6, )sinh inh L —
Prescribed Tip Temperature:e(x)z( L/6)sin (r-nx)+sm [m( X)]

6, sinh(mL)
cosh(mL)—(6,/6,)

sinh(mL)

)]

Convective Tip:

; Qg = (thAC)“2 g, tanh (mL)

qfln - (thA: )1/2

Infinitely Long Fin:%x) e (thAh)”2

b

P
2 . . .
where m” = _IQ ’ eb :Tb _Too + Qfin = Qcony, finsurface T Yeonv,tip + Aeonv.tip = hp\:eL

X —-X X —-X

sinhx=e : coshx = ; tanh x = sinh x
cosh x
Fin Effectiveness: &, = Rl . _ Rugom-tase
hA:,beb I:et,cond—fin
_ . s tanh (mL )
Fin Efficiency: 7, WA ; for adiabatic tip, 775, = ————=; an extended length of a
fin~b
tanh (mL,
fin using adiabatic tip L, = L+i; fin ZM
P mL,
Fin array:
Qrotal NAﬁn 1 . 1
, = =1- ~in thon in T A ! Rt,con _finarray — A
hAotal eb Aotal ( ) o nfinhAfin o ’ nohp\otal



Two Dimensional Steady Conduction:

Conduction Shape Factor: R 4 = S_lk

Finite Volume Method: For uniform mesh, interior point, no energy generation, steady state,
T +Ti_1'j +T +Ti’j_1 = 4Tiyj

i+1, ] i, j+1

Transient Conduction:

Lumped Capacitance Analysis: Bi = Ricons = h|°(°”v L ;
solid

6 T-T, t pVC,
- = =eXp| ——|; 7, = Ct,solid I:zt,conv
Qi T-T, T convA%

i solid

—conv

Thermal diffusivity o =——

pC,
To use Bi to estimate the approximation of the Lumped Capacitance Method, for plane
slab, L¢ = L; for cylinder, Lc = ro/2; for sphere, Lc=ro/3.

Analytical Solutions for Transient Conduction with Spatial Effect:

6 T-T X r at
0" =—= = X =—; '=—; t'=—,; Q,=pC V(T -T,
6 T-T, L r, R ( )
hL
Plane Wall: 9" =C, exp(—¢Fo)cos({x"); Fo=t*=—; Bi=—
1 p( é/l ) (é/l ) L k
Center temperature at x=0: 6, =C, exp(—;fFo); ngl—eo é )
[¢} 1

Long Cylinder: 6" =C, exp(—¢7F0)Jy (¢, r"); Fo=t*= at ; Bi :hi:°
r’

0

J
Center temperature at r =0: 9, =C, exp(—g”l2 Fo) ; Qg =1-26; ﬁ

1

: sin(gr’ t . hr,
Sphere: 6" = C, exp(—cijo)%; Fo=t*=%, Bi =
sin — ¢, cos
Center temperature at r =0:; = C, exp(—¢/Fo); Qg=1—3¢9;‘[ in(¢) ;31 ()]
0 1

Jo(x) and Ji(x) are the 0™ and 1% order Bessel functions of the first kind and their values
will be provided, if needed.
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Semi-Infinite Solid: Similarity variable n=—;—=-2n—
Y 7 Vdat " dn? ndn
— . K(T.-T
Constant Surface Temperature (Ts): TxH-T, erf ( X j 10 (1) = M
T T, Jdat wat
. ) .
Constant Surface Heat Flux (q, ): TX)-T, =ﬁ\/gexp - —Merfc
k V7 4ot k
Surface Convection (—kﬁ =h[T.-T(0,t)]):
OX |yco
2
T H-T :erfc[ X J— exp LLSHLLCLR | [P +h\/a
T,-T Vot K k 4ot k

Convection
Newton’s Law of Cooling: 0y, =N (T =T, ) 5 Geony = Geom A

Mass Transfer:  n, =h, (px;=Pa. ) Qe = MaANg

Average Heat Transfer Coefficient: h = % j oo dA
A

Average Mass Transfer Coefficient: m = %J' h, dA,
As

Dimensionless Parameters:

L L
put U : Prandtl Number: Przi;

Reynolds Number: Re_ =
H 4 a

: Lewis Number: Le = @

Schmidt Number: Sc =

AB AB
h L h, L.
Nusselt Number: Nu = —2—¢ : Sherwood Number: Sh =
fluid DAB
Boundary Layer Thickness: 9 ~Pr"; o ~Sc"; o ~ Le"
6"[ 50 50

Heat-Mass Analogy: Nu = P_rn; n = Lﬂ = pCpLel‘n
Sh Sc" h, Djle

External Flow:

Flat Plate
. 5X
Flat Plate (Laminar Local): 5=R—' C,, =0.664Re,”*; Nu, =0.332Re!?Pr*

12
ex




Flat Plate (Laminar Average): C, _ =1.328Re”?; Nu, =0.664Re["Pr"*;

Sh, = 0.664Re!/25c®

37X
Flat Plate (Turbulent Local): & = ORB— C,, =0.0592Re,"*; Nu, =0.0296Re**Pr"*;

15 ?
ex

Flat Plate (Turbulent Average): C,  =0.074Re**; Nu, =0.037Re/*Pr'?
Flat Plate (Mixed Average): C,  =0.074Re["® —~1742Re*; Nu, = (0.037Re;* —871) Pr*”

4/5

1213 5/8
Cylinder in cross flow: Nu_ =03+ 0.62Re;,”Pr {H( Rey J } for RepPr>0.2;

1/4
[1+(04/Pr)” | 282000
1/4
Sphere: Nu, =2+(0.4Rey’+0.06Re}* ) Pr* [ﬁj
Hs
Internal Flow:
J-,OU(r,X)d& circular 2 "o
Mean Velocity:y =& ;4 = —zju(r,x)rdr
PA o
Reynolds Number: e, = YsPs; p — 44 ge “2"UD o, _ 4M
" v P v 7Du

Turbulent: Re, > 2,300

turbulent

Hydrodynamic Entrance Lengths: (WJHTNO-%RGD; 60 >(’“¢Lgv"amic] T

Thermal Entrance Lengths: Laminar flow: (detgfma'J ~0.05Re, Pr;

Turbulent flow: 60> ( de'"‘De'"‘a' J >10

[ puc,TdA, r
circular 9
Mean (Bulk) Temperature:T =& ;T = 2 _fUT (r,x)rdr

. m 2
mC, Unfo

Constant Heat Flux:T_(x)=T, , +Mx =T, +95—Px; Oeons = 9,A =G, (PL)

mC, mC,

Constant Surface Temperature: Js~ Tmx _ exp _ﬂhm D AT, = AT, — AT,

Ts _Tm,i m C ATO

P In
AT,
T,-T, — . — -
ATO == o = exp __P—Lhcom, 1 qconv = hconv&ATLMTD = me (Tm,o _Tm,i)
AT, T.-T,, e
' P

Constant Outside Free Stream Temperature:



T T _ . - .
ATO =2 mo _ eXp —iU =€ Xp - L ’ qconv = UASATLMTD ’
AT, T, =T, mC, MC, R

U = averaged overall heat transfer coefficient.

Circular Pipe
Fanning Friction Factor :

f laminar _ ﬁ f turb_ulem 0.316 for Rep < 2)(104, f lurb:ulent 0.184 for Rep > 2%10%

Re, Rey* Rel®
Laminar Fully-developed Region: Nu, e 4.36; NuDTS=co=nstant3'66
Laminar Entrance Region:
NTJDTS:C:Stam366+ 0.0668(D/L)ReDPr2/3
1+0.04[ (D/L)Re,Pr |
Turbulent Fully-Developed Region: Nu, = 0.023Re*Pr"; n e e
n R 0.4 (Applicable to both gs”” = constant and Ts = constant)

Free Convection:

1/4
Boundary Layer Parameters: =X[%J S u :2—V(er )1/2 f'(n)

x\ 4 X
T -T )X T -T )%
erz—gﬂ( — ) ; Rax:GrXPr:—g'B( =)
14 va
2
0.387Ra®

Vertical Flat Plate: Ny =10.825+
- o6 /%7
|1+(0492/Pr)™ |

Horizontal Flat Plate:L_ = A /P; Nu = =0.54Ra", for 10" <Ra, <10’;

L upper hot/lower cold

Nu = =0.5Ra”, for10" <Ra, <10"; Nu = =0.27Ra"

L upper hot/lower cold L lower hot/upper cold

Horizontal Cylinder: Nu, = CRa’,, C and n depends on Ra.
0.589Ra’*

|1+(0.469/ Pr)gllﬁTlg

Sphere: Nu_ =2+

Boiling:

Basic Equation: 6,y = Mugiting AAT, = Mgiing AT, —Teat)

boiling

1/2 3
Nucleate Boiling: ¢’ = 4, 9(p-r) CpiATe
S ’ o Csfhfgprln

boiling

1/4
Critical heat flux: ¢’ = h, p, [W(/’I—/’v)}

24 P



1/4
Minimum Heat Flux:q'. =0.00h, p, [ag (p—p, )}

(p| + 0 )2

I(v Yy I(v (Ts - Tsat )
cylinder sphere

h, =h,+0.8C, (T,-T,); C = 0.62; C = 067

T h- D3 1/4
Film Boiling:[\%:hoDZC{g(Pl—Pv) o } ;

Condensation:

BaSIC Equation: qcondensation = hcondensation AATd = hcondensationA(Tsat —TS) ; mcondensation = 7qconlii]elnsation
fg
S h L3 1/4
Film Condensation, Vertical Flat Plate, laminar: Ny, = Rl _ 543 8 CRIL .
kI Vi kI (Tsat _Ts)

h'fg =h,, +0.68C , (T —T,)

Radiation

Radiation leaving one surface and intercepted by a second surface:

dAZ,normal _ Azcosgz
e =

r r?

O,=1, (Aicosel) do,,;dw, , =

2z zl2

Emissive Power: Spectral: E, (1) = jdgzﬁj l,.(2,6,¢)cosfsinddo;
0 0

Total: E = [E, (4)d4
0

diffuse emitter diffuse emitter
E,(41) = =zl (4);E = 7l
2z ml2 )
Irradiation: G, (1) = jd¢j l,:(4,0,¢)cosfsinddg; Total: G :J.Gl(/i)d/i
diffuse irradiation " ’ diffuse irradiation ’
G,(4) = 7l,,(A;6 = =zl

2z 72

Radiosity: J, (4)= [ d¢ [ 1., (4.6.¢)cos0singde; J =[J,(2)dA
0 0 0

diffuse emitter diffuse emitter

J, (4 = 7l A = 7zl (opaque surface
4 diffuse reflector i,e+r( diffuse reflector e+r ( p q )

Black Body Emission: E,,(4T)= C, ; Eb(T)=TEA,b(ﬂ,T)d/1=0T4; E, =7zl
0

5

A T=2808umK Wein’s displacement law



Radiative Properties:

Emissivity: spectral directional: . _1e(40.4T7).
1,0
IA,eb(ﬂ‘lT)
2z 72
' i dg | 1,.(2,6,¢,T)cos6sinddo
Spectral hemispherical: _ _ E, ! ! e ) ;

A 2z 7l2
E/T.b

j d¢ j |, (4, T)cosfsinddé
0 0

E,(AT)dA  [&E,,(4T)d4

0

ot—38

Total hemispherical:  _

®© 4
[E.(AT)d2 ot
0
Absorptivity: spectral directional: , _ |2 asorve (/1,6,¢);
Y 1Li(2.0.9)
2z zl2

) ) do | 1, sormed (46, ¢)C0OSOsSINGA O
Spectral hemispherical:  _ G oo (ﬂ)_l z[ siaoms (1,0.9) ;

G,(2) fd/j l,:(2,0,4)cos6sindd o

a,G
Total hemispherical: QZM; I *
[o.(2
0
Reflectivity: Spectral directional: ,  _ 'weﬂected (’1 0.9) .
l,l (j’ 9 ¢)
27 7l2
. . dé | 1, reiectea (4.6, @) COSOSING O
Spectral hemispherical: _ G refeces ( )_! ! ciros (410,9) ;
A GA(/l) 2z zl2 ]
jd¢ j 1, (4,6,¢)cos6sinddo
0 0
o G 0,G, (A)dA
Total hemlspherlcal:pz%; p:.[[ 6. (4)
[G,(2)d2

0

Transmissivity: Spectral directional: 7., = | warsniees (4,6, ¢) ;
’ 1,:(4,6.9)

2 nl2

. . de | 1, vansmited (4@, @)C0OSOsSiNOd &
Spectral hemispherical: _ _ G (i)_l ! i (4:0.) ;

1= - 2z 7l2
G,(4) I dg j ,:(2,6,4)cos6singd o
0 0

Total hemispherical: 7 =

0

jel(z)om

0
Semi-transparent Surface: o, + p, +7, =1; a+p+r=1

Gtransmitted . J‘TlG/l (/1) da



Opaque Surface: ¢, + p, =1, a+p=1
Kirchhoff’s Law: ¢, =« ,

Diffuse surface: ¢, = o,

Gray Surface: ¢, = f (1); a, # f(1);
Diffuse-Gray Surface: ¢ =a

; . €0sé,cos6, L cosg,cosd,
View Factor: g _ qu -[[ g L dAdA,  F, = Gj-i - 0 dndA
A A i AN
ReCIprOCIty.AF”.: F.
. N convex surface concave surface
Summatlon:zp,_ -’FE = 0)F = O
=t 1 """ plane surface
. . F.
Surface with multiple sub-surfaces:F _kZ:;‘Ak K
(i — n
> A
k=1
Radiative Exchange:
Black enclosure: g, = AF,o(T -T}');
Diffuse-gray enclosure: ¢ B3 ;o _ S
- (1-4)/As T YAF,
Radiation between two parallel, infinitely large surfaces: _ Eoi—Eoo

G, =
(1—51)+ 1 +(1—52)
Agl AFlZ AZEZ

Radiation Shields: , single Sheld B.—E
1 (1—51)+ 1 +(1_831)+(1_832)+ 1 Jr(1—52)
Ag ARy Agy Ag, AR,  Ag
Net Radiation Leaving a Surface:q,,, =J -G =¢E-aG
Large isothermal surroundings: G=J =T/

surr

large isothermal

qlrlad = &0 (T4 T4 ) hrad (T Tsurr)

surr

Mo = 0 (T, + T ) (T2 + T2, )

surr

Useful Constants
o = Stefan-Boltzmann’s Constant = 5.67 x10° W/m?K*

Ru = Universal Gas Constant = 8.314 kJ/kmolK

Geometry
Cylinder: A=2zrl; V = zr?l ; Sphere: A=4zxr?*; V =%7rr3

Triangle: A=Dbh/2 b: base h: height



