
ME 315 Final Exam  
BASIC EQUATION SHEET 

 
Conservation Laws 
 
Control Volume Energy Balance: in out gen stE E E E− + =    ;   st p

dTE mC dt= ;   genE qV=

  

Surface Energy Balance: 0in outE E− =    
 
 
Conduction 

Fourier’s Law:   "
,cond x

Tq k
x

∂
= −

∂
;    "

,cond n
Tq k
n

∂
= −

∂
;     "

cond condq q A=  

Heat Diffusion Equation: 

Cartesian Coordinates: p
T T T Tk k k q C

x x y y z z t
ρ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + + =    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
  

Cylindrical Coordinates: 2

1 1
p

T T T Tkr k k q C
r r r r z z t

ρ
φ φ
 ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + + =    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

  

Spherical Coordinates: 
2

2 2 2 2

1 1 1 sin
sin sin p

T T T Tkr k k q C
r r r r r t

θ ρ
θ φ φ θ θ θ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂   + + + =    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
  

 
Thermal Resistance: 

Conduction Resistance: Plane wall: ,t cond
LR
kA

= ; Cylindrical shell: 
( )

,

ln
2

o i
t cond

r r
R

lkπ
= ;  

Spherical shell:
( ) ( )

,

1 1
4

i o
t cond

r r
R

kπ
−

=  

Convection Resistance: ,
1

t conv
conv

R
h A

=  

Radiation Resistance: ,
1

t rad
rad

R
h A

=  

 
Thermal Energy Generation:  
 

Plane wall with uniform energy generation, given temperature Ts at both surfaces, width = 
2L, and x=0 at the center of the wall: 

𝑇𝑇(𝑥𝑥) − 𝑇𝑇𝑠𝑠 =
�̇�𝑞𝐿𝐿2

2𝑘𝑘
�1 −

𝑥𝑥2

𝐿𝐿2
� 

General solution for plane wall with uniform energy generation: 

 
2

1 2( )
2
qxT x C x C

k
= − + +



 

 



Cylinder with uniform energy generation, surface temperature Ts:  

𝑇𝑇(𝑟𝑟) − 𝑇𝑇𝑠𝑠 =
�̇�𝑞𝑟𝑟𝑜𝑜2

4𝑘𝑘
�1 −

𝑟𝑟2

𝑟𝑟𝑜𝑜2
� 

 
General solution for a cylindrical shell, with uniform heat generation: 

2
1 2( ) ln

4
qT r r C r C
k

= − + +


 

 
Extended Surfaces/Fins: 
 

Convective Tip: 
( ) ( ) ( ) ( )

( ) ( ) ( )
cosh sinh

cosh sinhb

m L x h mk m L xx
mL h mk mL

θ
θ

   − + −   =
+

 

( ) ( ) ( ) ( )
( ) ( ) ( )

1/2 sinh cosh
cosh sinhfin c b

mL h mk mL
q hPkA

mL h mk mL
θ

+
=

+
 

Adiabatic Tip:
( ) ( )

( )
cosh

coshb

m L xx
mL

θ
θ

 − = ; ( ) ( )1/2 tanhfin c bq hPkA mLθ=  

Prescribed Tip Temperature:
( ) ( ) ( ) ( )

( )
sinh sinh

sinh
L b

b

mx m L xx
mL

θ θθ
θ

 + − =  

( ) ( ) ( )
( )

1/2 cosh
sinh

L b
fin c b

mL
q hPkA

mL
θ θ

θ
−

=  

Infinitely Long Fin: ( ) mx

b

x
e

θ
θ

−= ; ( )1/2
fin c bq hPkA θ=  

where 2

c

hPm
kA

= ; b bT Tθ ∞= − ; , ,fin conv finsurface conv tipq q q= + ; ,conv tip c Lq hAθ=   

 sinh
2

x xe ex
−−

= ; cosh
2

x xe ex
−+

= ; sinhtanh
cosh

xx
x

=  

Fin Effectiveness:
,

fin
fin

c b b

q
hA

ε
θ

= ; ,

,

t conv base
fin

t cond fin

R
R

ε −

−

=  

Fin Efficiency: fin
fin

fin b

q
hA

η
θ

= ; for adiabatic tip, 
( )tanh

fin

mL
mL

η = ; an extended length of a 

fin using adiabatic tip c
c

AL L
P

= + ; ( )tanh c
fin

c

mL
mL

η =  

Fin array: 

( )1 1fintotal
o fin

total b total

NAq
hA A

η η
θ

= = − − ; ,
1

t cond fin
fin fin

R
hAη− = ; ,

1
t cond finarray

o total

R
hAη− =  

 
 
 



Two Dimensional Steady Conduction: 

Conduction Shape Factor: ,
1

t condR
Sk

=  

 
Finite Volume Method: For uniform mesh, interior point, no energy generation, steady state, 

1, 1, , 1 , 1 ,4i j i j i j i j i jT T T T T+ − + −+ + + =  
 
Transient Conduction: 

Lumped Capacitance Analysis: t cond conv c

t conv solid

R h LBi
R k

−

−

= = ;  

exp
i i t

T T t
T T

θ
θ τ

∞

∞

 −
= = − −  

; , ,
p

t t solid t conv
conv s

VC
C R

h A
ρ

τ = =  

2
c

tFo
L
α

=  ; ( )( )2exp expconv c

i solid c

h L t Bi Fo
k L

θ α
θ

   
 = − = −         

 

Thermal diffusivity 
p

k
C

α
ρ

=  

To use Bi to estimate the approximation of the Lumped Capacitance Method, for plane 
slab, Lc = L; for cylinder, Lc = ro/2; for sphere, Lc=ro/3. 
 
 
Analytical Solutions for Transient Conduction with Spatial Effect: 

i i

T T
T T

θθ
θ

∗ ∞

∞

−
= =

−
; xx

L
∗ = ; 

o

rr
r

∗ = ; 2

tt
L
α∗ = ; ( )o p iQ C V T Tρ ∞= −  

Plane Wall: ( ) ( )2
1 1 1exp cosC Fo xθ ζ ζ∗ ∗≅ − ; 2* tFo t

L
α

= = ; hLBi
k

=  

Center temperature at x=0: ( )2
1 1expo C Foθ ζ∗ = − ; ( )1

1

sin
1 o

o

Q
Q

ζ
θ

ζ
∗= −   

Long Cylinder: ( ) ( )2
1 1 0 1expC Fo J rθ ζ ζ∗ ∗≅ − ; 2*

o

tFo t
r
α

= = ; ohrBi
k

=  

Center temperature at r =0: ( )2
1 1expo C Foθ ζ∗ = − ; ( )1 1

1

1 2 o
o

JQ
Q

ζ
θ

ζ
∗= −  

Sphere: ( ) ( )12
1 1

1

sin
exp

r
C Fo

r
ζ

θ ζ
ζ

∗
∗

∗≅ − ; 2*
o

tFo t
r
α

= = , ohrBi
k

=  

Center temperature at r =0: ( )2
1 1expo C Foθ ζ∗ = − ; 

( ) ( )1 1 1
3

1

sin cos
1 3 o

o

Q
Q

ζ ζ ζ
θ

ζ
∗
 − = −  

 
 J0(x) and J1(x) are the 0th and 1st order Bessel functions of the first kind and their values 
will be provided, if needed. 

 



Semi-Infinite Solid: Similarity variable 
4
x

t
η

α
= ;

2

2 2d T dT
d d

η
η η

= −    

Constant Surface Temperature (Ts): 
(x, t)

4
s

i s

T T xerf
T T tα

−  =  −  
; ( ) ( )" s i

s
k T T

q t
tπα

−
=    

Constant Surface Heat Flux ( "
oq ): 

" 2 "2(x, t) exp
4 4

o o
i

q t x q x xT T erfc
k t k t

α
π α α

 −  − = −   
  

;  

Surface Convection ( ( )
0

0,
x

Tk h T T t
x ∞

=

∂
 − = − ∂

):

2(x, t) exp
4 4

i

i

T T x hx h t x h terfc erfc
T T k k kt t

α α
α α∞

    −  = − + +     −          
 

 
 
Convection 
Newton’s Law of Cooling: ( )"

conv conv sq h T T∞= − ; "
conv convq q A=  

Mass Transfer:    ( )"
, ,A m A s An h ρ ρ ∞= − ; "

evap A fgq n Ah=    

Average Heat Transfer Coefficient:    1

S

conv conv s
s A

h h dA
A

= ∫  

Average Mass Transfer Coefficient:    1

S

m m s
s A

h h dA
A

= ∫  

Dimensionless Parameters: 

 Reynolds Number:
c

c c
L

uL uLRe ρ
µ ν

= = ; Prandtl Number: Pr ν
α

= ;  

Schmidt Number:
AB

Sc
D
ν

= ; Lewis Number:
AB

Le
D
α

=  

Nusselt Number: conv c

fluid

h LNu
k

= ; Sherwood Number: m c

AB

h LSh
D

=  

 

Boundary Layer Thickness: n

t

Prδ
δ

≈ ; n

c

Scδ
δ

≈ ; nt

c

Leδ
δ

≈   

Heat-Mass Analogy:
n

n
Nu Pr
Sh Sc

= ; 1 n
pn

m AB

h k C Le
h D Le

ρ −= =   

 
External Flow: 
 

Flat Plate 

Flat Plate (Laminar Local): 1/2

5

x

x
Re

δ = ; 1/2
, 0.664f x xC Re−= ; 1/2 1/30.332x xNu Re Pr=  



Flat Plate (Laminar Average): 1/2
, 1.328f L LC Re−= ; 1/2 1/30.664L LNu Re Pr= ; 

1/2 1/30.664L LSh Re Sc=  

Flat Plate (Turbulent Local): 1/5

0.37

x

x
Re

δ = ; 1/5
, 0.0592f x xC Re−= ; 4/5 1/30.0296x xNu Re Pr= ;  

Flat Plate (Turbulent Average): 1/5
, 0.074f L LC Re−= ; 4/5 1/30.037L LNu Re Pr=  

Flat Plate (Mixed Average): 1/5 1
, 0.074 1742f L L LC Re Re− −= − ; ( )4/5 1/30.037 871L LNu Re Pr= −  

Cylinder in cross flow: 
( )

4/55/81/2 1/3

1/42/3

0.620.3 1
2820001 0.4

D D
D

Re Pr ReNu
Pr

  = + +  
     + 

for ReDPr>0.2;  

Sphere: ( )
1/ 4

1/ 2 2 /3 0.42 0.4Re 0.06Re PrD D D
s

Nu µ
µ

 
= + +  

 
 

 
Internal Flow: 

Mean Velocity:
( ),

c

c
A

m
c

u r x dA
u

A

ρ

ρ
=
∫

; ( )2
0

2 ,
orcircular

m
o

u u r x rdr
r

= ∫  

 Reynolds Number:
h

m h
D

u DRe
ν

= ; 4 c
h

AD
P

= ; 
circular

m
D

u DRe
ν

= , 4
D

mRe
Dπ µ

=
  

 Turbulent: 2,300DRe ≥    

Hydrodynamic Entrance Lengths: , 0.05
laminar

fd hydrodynamic
D

x
Re

D
 

= 
 

;  ,60 10
turbulent

fd hydrodynamicx
D

 
> > 
 

 

 Thermal Entrance Lengths: Laminar flow: , 0.05fd thermal
D

x
Re Pr

D
 

≈ 
 

;   

Turbulent flow: ,60 10fd thermalx
D

 
> > 
 

 

 Mean (Bulk) Temperature:
.

c

p c
A

m

p

uC TdA
T

mC

ρ

=
∫

; ( )2
0

2 ,
orcircular

m
m o

T uT r x rdr
u r

= ∫  

 Constant Heat Flux: ( )
" "

, ,. .
conv s

m m i m i

p p

q P q PT x T x T x
mC mC

= + = + ; ( )" "
conv s s sq q A q PL= =  

Constant Surface Temperature: ,
.

,

exps m x
conv

s m i
p

T T Px h
T T mC

 −  = −
 −
 

; 
ln

o i
LMTD

o

i

T TT
T
T

∆ − ∆
∆ =

 ∆
 ∆ 

 

,
.

,

exps m oo
conv

i s m i
p

T TT PL h
T T T mC

 −∆  = = −
 ∆ −
 

; ( )
.

, ,conv conv s LMTD p m o m iq h A T mC T T= ∆ = −  

Constant Outside Free Stream Temperature: 



,
. .

,

1exp xpm oo

i m i
p p tot

T TT PL U e
T T T mC mC R

∞

∞

   −∆    = = − = −   ∆ −    
   

; conv s LMTDq UA T= ∆ ;  

U = averaged overall heat transfer coefficient.  
 
Circular Pipe 

            Fanning Friction Factor : 
 min 64la ar

D

f
Re

= ; 
1/ 4

0.316turbulent

D

f
Re

=   for ReD < 2×104; 
1/5

0.184turbulent

D

f
Re

=  for ReD > 2×104  

Laminar Fully-developed Region:
"

4.36D q constant
Nu

=
= ; 3.66

s
D T constant

Nu
=
=  

Laminar Entrance Region: 
( )
( ) 2 / 3

0.0668
3.66

1 0.04

sT constant
D

D

D

D L Re Pr
Nu

D L Re Pr

=

= +
+   

  

Turbulent Fully-Developed Region: 4/50.023 n
D DNu Re Pr= ; 0.3

fluid cooling
n =      

0.4
fluid heating

n =  (Applicable to both qs” = constant and Ts = constant) 
 
Free Convection:  

 Boundary Layer Parameters:
1/ 4

4
xGry

x
η  =  

 
; ( ) ( )1/ 2 '2

xu Gr f
x
ν η=  

  ( ) 3

2
s

x

g T T x
Gr

β
ν

∞−
= ; ( ) 3

s
x x

g T T x
Ra Gr Pr

β
να

∞−
= =  

Vertical Flat Plate:
( )

2

1/6

8/279/16

0.3870.825
1 0.492

L
L

RaNu
Pr

 
 = + 

  +  

 

Horizontal Flat Plate: c sL A P= ; 1/4 4 7

/
0.54 ,   10 10

c cL L Lupper hot lower cold
Nu Ra for Ra= = < < ; 

1/3 7 11

/
0.15 ,  for 10 10

c cL L Lupper hot lower cold
Nu Ra Ra= = < < ; 1/4

/
0.27

c cL Llower hot upper cold
Nu Ra= =  

Horizontal Cylinder: n
D DNu CRa= , C and n depends on Ra.  

Sphere:
( )

1/4

4/99/16

0.5892
1 0.469

D
D

RaNu
Pr

= +
 + 

 

Boiling: 

 Basic Equation: ( )boiling boiling e boiling s satq h A T h A T T= ∆ = −  

 Nucleate Boiling: ( )
31/2

," p l el v
s l fg n

sf fg l

c Tg
q h

C h Pr
ρ ρ

µ
σ

 ∆ −
=   

    
 ; 

 Critical heat flux: ( ) 1/4

"
224

l v
max fg v

v

g
q h

σ ρ ρπ ρ
ρ

 −
=  

 
 



 Minimum Heat Flux: ( )
( )

1/ 4

"
20.09 l v

min fg v
l v

g
q h

σ ρ ρ
ρ

ρ ρ

 −
=  

+  
  

Film Boiling: ( )
( )

1/4' 3
l v fgD

D
v v v s sat

g h Dh DNu C
k k T T

ρ ρ
ν

 −
= =  

−  
; 

( )'
,0.8fg fg p v s sath h C T T= + − ; 0.62

cylinder
C = ; 0.67

sphere
C =   

  
Condensation: 
 Basic Equation: ( )condensation condensation d condensation sat sq h A T h A T T= ∆ = − ;

.

'
condensation

condensation

fg

qm
h

=  

 Film Condensation, Vertical Flat Plate, laminar: ( )
( )

1/4' 3

0.943 l v fgL
L

l l l sat s

g h Lh LNu
k k T T

ρ ρ
ν

 −
= =  

−  
;  

      ( )'
,0.68fg fg p l sat sh h C T T= + −  

 
 
Radiation 

Radiation leaving one surface and intercepted by a second surface:

( )1 2 1 1 2 1eq I A cos dθ ω− −= ; 2, 2 2
2 1 2 2

normaldA A cosd
r r

θω − = =  

Emissive Power: Spectral: ( ) ( )
2 / 2

,
0 0

, ,eE d I cos sin d
π π

λ λλ φ λ θ φ θ θ θ= ∫ ∫ ;  

Total: ( )
0

E E dλ λ λ
∞

= ∫  

( ) ( ),

diffuse emitter

eE Iλ λλ π λ= ; 
diffuse emitter

eE Iπ=  

Irradiation: ( ) ( )
2 / 2

,
0 0

, ,iG d I cos sin d
π π

λ λλ φ λ θ φ θ θ θ= ∫ ∫ ; Total: ( )
0

G G dλ λ λ
∞

= ∫  

( ) ( ),

diffuse irradiation

iG Iλ λλ π λ= ; 
diffuse irradiation

iG Iπ=  

Radiosity: ( ) ( )
2 / 2

,
0 0

, ,e rJ d I cos sin d
π π

λ λλ φ λ θ φ θ θ θ+= ∫ ∫ ; ( )
0

J J dλ λ λ
∞

= ∫  

( ) ( ),

diffuse emitter

e rdiffuse reflector
J Iλ λλ π λ+= ; 

diffuse emitter

e rdiffuse reflector
J Iπ +=  (opaque surface) 

 
Black Body Emission: ( ) 1

,
5 2

,
exp 1

b
CE T

C
T

λ λ
λ

λ

=
   −    

; ( ) ( ) 4
,

0

,b bE T E T d Tλ λ λ σ
∞

= =∫ ; b bE Iπ= ; 

2898maxT mKλ µ=     Wein’s displacement law 
 



Radiative Properties: 
Emissivity: spectral directional: ( )

( )
,

,
,

, , ,
,

e

eb

I T
I T

λ
λ θ

λ

λ θ φ
ε

λ
= ;  

Spectral hemispherical: 
( )

( )

2 / 2

,
0 0

2 / 2
,

,
0 0

, , ,

,

e

b
eb

d I T cos sin d
E
E

d I T cos sin d

π π

λ
λ

λ π π
λ

λ

φ λ θ φ θ θ θ
ε

φ λ θ θ θ
= =

∫ ∫

∫ ∫

;  

Total hemispherical: 
( )

( )

( ),
0 0

4

,
0

, ,

,

b

b

E T d E T d

T
E T d

λ λ λ

λ

λ λ ε λ λ
ε

σ
λ λ

∞ ∞

∞= =
∫ ∫

∫

 

Absorptivity: spectral directional: ( )
( )

,
,

,

, ,
, ,

i absorbed

i

I
I

λ
λ θ

λ

λ θ φ
α

λ θ φ
= ;  

Spectral hemispherical: ( )
( )

( )

( )

2 / 2

,
, 0 0

2 / 2

,
0 0

, ,

, ,

i absorbed
absorbed

i

d I cos sin d
G

G
d I cos sin d

π π

λ
λ

λ π π
λ

λ

φ λ θ φ θ θ θ
λ

α
λ

φ λ θ φ θ θ θ
= =

∫ ∫

∫ ∫

;                                   

Total hemispherical: absorbedG
G

α = ; 
( )

( )
0

0

G d

G d

λ λ

λ

α λ λ
α

λ λ

∞

∞=
∫

∫

 

Reflectivity: Spectral directional: ( )
( )

,
,

,

, ,
, ,

i reflected

i

I
I

λ
λ θ

λ

λ θ φ
ρ

λ θ φ
= ;  

Spectral hemispherical: ( )
( )

( )

( )

2 / 2

,
, 0 0

2 / 2

,
0 0

, ,

, ,

i reflected
reflected

i

d I cos sin d
G

G
d I cos sin d

π π

λ
λ

λ π π
λ

λ

φ λ θ φ θ θ θ
λ

ρ
λ

φ λ θ φ θ θ θ
= =

∫ ∫

∫ ∫

;  

Total hemispherical: reflectedG
G

ρ = ; 
( )

( )
0

0

G d

G d

λ λ

λ

ρ λ λ
ρ

λ λ

∞

∞=
∫

∫

 

Transmissivity: Spectral directional: ( )
( )

,
,

,

, ,
, ,

i transmitted

i

I
I

λ
λ θ

λ

λ θ φ
τ

λ θ φ
= ;  

Spectral hemispherical: ( )
( )

( )

( )

2 / 2

,
, 0 0

2 / 2

,
0 0

, ,

, ,

i transmitted
transmitted

i

d I cos sin d
G

G
d I cos sin d

π π

λ
λ

λ π π
λ

λ

φ λ θ φ θ θ θ
λ

τ
λ

φ λ θ φ θ θ θ
= =

∫ ∫

∫ ∫

 ; 

Total  hemispherical: transmittedG
G

τ = ;
( )

( )
0

0

G d

G d

λ λ

λ

τ λ λ
τ

λ λ

∞

∞=
∫

∫

 

Semi-transparent Surface: 1λ λ λα ρ τ+ + = ; 1α ρ τ+ + =   



Opaque Surface: 1λ λα ρ+ = ; 1α ρ+ =   
Kirchhoff’s Law: 

, ,λ θ λ θε α=  
Diffuse surface: λ λε α=  
Gray Surface: ( )fλε λ≠ ; ( )fλα λ≠ ; 
Diffuse-Gray Surface: ε α=  

 
  View Factor:

2
i j

i j i j
ij i j

i i A A

q cos cos
F dA dA

A J r
θ θ
π

−= = ∫ ∫ ; 
2

i j

j i i j
ji i j

j j A A

q cos cos
F dA dA

A J r
θ θ
π

−= = ∫ ∫  

 Reciprocity:
i ij j jiA F A F=  

 Summation:
1

1
N

ij
j

F
=

=∑ ; 0
convex surface

ii plane surface
F = ; 0

concave surface

iiF ≠   

 Surface with multiple sub-surfaces:
( )

1

1

n

k ki
k

j i n

k
k

A F
F

A

=

=

=
∑

∑
 

 
Radiative Exchange: 

Black enclosure: ( )4 4
ij i ij i jq A F T Tσ= − ;      

 Diffuse-gray enclosure: 
( )1

bi i
i

i i i

E Jq
Aε ε

−
=

−
; 

1 1

N
i j

i
j i ij

J J
q

A F=

−
=∑  

   
 Radiation between two parallel, infinitely large surfaces: 

( ) ( )
,1 ,2

12
1 2

1 1 1 12 2 2

1 11
b bE E

q

A A F A
ε ε
ε ε

−
=

− −
+ +

 

Radiation Shields: 
( ) ( ) ( ) ( )

,1 ,2
12

1 31 32 2

1 1 1 13 3 31 3 32 3 32 2 2

1 1 1 11 1

Single Shield
b bE E

q

A A F A A A F A
ε ε ε ε
ε ε ε ε

−
=

− − − −
+ + + + +

 

 Net Radiation Leaving a Surface: "
radq J G E Gε α= − = −  

 Large isothermal surroundings: 4
surrG J Tσ= =   

      ( ) ( )" 4 4
large isothermal

rad s surr rad s surrq T T h T Tεσ= − = −  

      ( )( )2 2
rad s surr s surrh T T T Tεσ= + +  

 
Useful Constants 
σ = Stefan-Boltzmann’s Constant = 8 2 45.67 10 W m K−×  
Ru = Universal Gas Constant = 8.314 kJ kmolK  
 
Geometry 

Cylinder: 2A rlπ= ; 2V r lπ= ; Sphere: 24A rπ= ; 34
3

V rπ=  

Triangle:  A= bh/2     b: base  h: height 
 


